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Introduction
The question is not "if the market breaks"; the question is "when the market breaks".
We all know the market is going to correct some day... The question is "when" and "by how much".
www.seekingalpha.com, September 20, 2012
The level of a market index in the future is random, and its distribution can be viewed by each investor differently. Market prices of options reflect common assessment of the probability distribution of the underlying asset on the expiration day, adjusted for the investors' tolerance for bearing risk. Researchers have long recognized the possibility of inferring such forward-looking assessments from option prices to improve the prediction of future probability distribution; however, so far we have not been very successful in predicting market and stock crashes, in terms of both their magnitude and timing.
Instead of using moments of returns, which have often been used to forecast left-tail events, we use option prices to compute a forward-looking tail loss measure that directly quantifies the expected market or stock crash size, and that predicts the magnitude and probability of a crash in the market index and in the cross-section of stocks, conditional on tail event realization. When no crash occurs, a higher tail loss measure, i.e., the expectation of a higher loss due to the sudden decline in asset value, is associated with a higher premium to be earned for taking the risk.
Tail loss measure contains an incremental information about the future stock returns beyond other option-implied variables, such as variance risk premium and implied correlation, which have been shown to predict returns.
1 It is extremely hard to predict the timing and magnitude of a low-probability market crash, mostly because any crash is rare, and even having an ex ante high probability it may not come to a realization soon enough. In the out-of-sample portfolio optimization we mostly profit from a higher risk premium associated with higher risks and predicted by tail loss measure and other implied variables, and not from the ability of implied variables to time the crash.
We proceed in several steps. First, using the results of the Extreme Value Theory, we define and show how to estimate the tail loss measure from observed out-of-the-money option prices. The theoretical advantage of the tail loss measure is that it is unique for a given minimal size of a crash, while most other implied measures cannot be identified uniquely due to the absence of continuum of options. Second, we perform the timeseries tests, using the robust regression approach and "crash" dummies to show that one standard deviation increase in the tail loss measure causes a marginal positive change in the weekly market return of 0.29% (or 15% p.a.), and that when the crash occurs, one standard deviation difference in tail loss measure amounts to −1.35% per week for a one-sigma event, and −1.84% for a two-sigma event. A similar direction of the results holds for monthly and quarterly horizons. The binary probit model estimation indicates that the weekly change in tail loss measure is positively related to the probability of a crash (with a significant relation for 1-week and 1-month horizons), though the effect is not economically important. Third, we carry out an out-of-sample portfolio optimization exercise, using option-implied variables and their combinations to construct "managed portfolios, in which one invests more or less in an asset according to some signal," as suggested in Cochrane (2005, page 9) .
2 By comparing the performance of the optionimplied variables to that of a non-informative portfolio we show that the tail loss measure beats the non-informative portfolio in economic terms, but the outperformance is not statistically significant. 3 Finally, we study the cross-section of stock returns and stockspecific tail loss measures, and we come to similar conclusions as in the time-series analysis for the market: tail loss measure is positively related to the expected return and to the magnitude of a crash in the case of its realization.
We conclude this introduction by discussing the relation of our work to the existing literature. The idea that option prices contain information about future distribution of asset returns has been understood ever since the work of Black and Scholes (1973) and Merton (1973) ; Christoffersen, Jacobs, and Chang (2011) provide a splendid and comprehensive survey of this literature. Using implied moments is helpful in predicting future volatility, correlations, expected returns of the market, as well as in the crosssection of stocks, and other attributes of return distribution, however, only a few studies are somewhat successful in predicting the probability and magnitude of future crashes.
Most authors use a proxy of implied skewness as a major instrument for analysis. For example, Carson, Doran, and Peterson (2006) and Doran, Peterson, and Tarrant (2007) find that option-implied skew has significant forecast power for assessing the degree of market crash risk, though the effect is not economically relevant; Bates (1991) finds no strong crash fears as expressed by the skewness of the risk-neutral distribution during two months immediately preceding the crash. We include model-free implied skewness as the explanatory variable in all types of tests and do not find any overwhelming ability of the currently observed implied skewness to predict future crashes.
We rely in our derivations on the results of the Extreme Value Theory, and especially on the suggestion of Hamidieh (2011) to use out-of-the money options to infer the parameters of the excess loss distribution. Hamidieh uses only one parameter in his analysis, namely, the shape of the tail distribution, and documents a thickening of the left tail of the S&P 500 index just prior to the market turmoil of September 2008. Instead, we are using fully parametrized excess loss distribution to compute the expected value of the asset value loss beyond a certain threshold and relate it to the magnitude and probability of market-wide and stock-specific crashes. Another study that relies on the Extreme Value Theory to derive a related tail measure is Kelly (2011) . He suggests a market-wide measure of tail risk that can be estimated from the cross-section of stock returns, exploiting stock-specific crashes every month to identify common fluctuations in tail risk across stocks. The results of his and our studies are consistent in direction and in magnitude, however, our tail loss measure is forward-looking and can be estimated in real time by simply processing current option prices; hence, we can react to new information more rapidly.
A number of papers look at the relation among variance risk premium, fear of jumps, and future returns. Bollerslev, Tauchen, and Zhou (2009) show that the variance risk premium has a strong predictive power for future market returns, and from Bollerslev and Todorov (2011) we know that "the compensation for rare events accounts for a large fraction of the average equity and variance risk premia." Implied correlation is also related to the risk of negative jump through the notion of a loss of diversification, and it also has been shown to both predict future returns and bear a systematic negative risk premium Vilkov (2009, 2012) ). Our results indicate that neither variance risk premium nor the implied correlation contain all the "fearful" information about the future crashes, and tail loss measure proves to be useful in identifying crash expectations and associated risk premium in asset returns.
Some studies derive option-based systematic factors related to the risk of market crashes and then empirically verify the sign of the associated risk premiums. For example, Chang, Christoffersen, and Jacobs (2012) propose a market skewness factor and show that it commands a negative risk premium. Cremers, Halling, and Weinbaum (2012) derive an option-based factor, which is sensitive to the jump (crash) risk only, and show that it also bears very significant negative risk premiums. The significant negative risk premium for both market skewness and jump factors is consistent with the positive relation between the tail loss measure and future returns in the case that no crash occurs, however, we remain agnostic about the systematic nature of the jump risk and its pricing, and rather we suggest a variable, which is ex ante related to crash (negative jump) size and its probability.
The last, but not least, strand of literature deals with the theoretical foundations for risk premiums related to fears of crash. Bates (2008) derives an equilibrium with options markets with heterogenous crash-averse investors and finds that "specification of crash aversion is compatible with the static option pricing puzzles, while heterogeneity partially explains the dynamic puzzles." Gabaix (2012) develops a rare-disasters model and successfully resolves several option-related puzzles on "high price of deep out-ofthe-money puts; and . . . high put prices being followed by high stock returns." The latter result is directly related to our findings; moreover, we provide additional empirical support for it, using not just prices of puts but also the quantification of the expected market losses conditional on a crash.
The rest of the paper is organized as follows. In Section 2, we discuss the construction of the left tail loss measure and its economic interpretation, and we also specify the predictions to be tested later on. In Section 3, we describe the data on stocks and options that we use. In Section 4, we proceed with an empirical analysis, first studying the time-series predictability of market returns, then carrying out an out-of-sample portfolio optimization exercise and a cross-sectional analysis of individual stocks. Our conclusion is found in Section 5, and we collect the proofs and the details about the estimation of the tail loss measure in Appendix A.
Tail Loss Measure
In this section, we first discuss the theoretical foundation for constructing the tail loss measure; then we provide its economic interpretation and formulate three testable hypotheses for analysis.
Constructing the Tail Loss Measure
Instead of looking at the full distribution of asset price changes, we concentrate on its left tail only, in the form of the forward-looking expectation of the drop in asset price below a certain threshold conditional on a crash occurring within a short period of time. Such a tail loss measure (TLM) characterizes not the probability, but the severity of a crash in the case of its realization. To construct the tail loss measure we employ the results of the Extreme Value Theory (EVT), which mainly deals with the distributional properties of the extreme, or low probability, events. Without knowing the true underlying distribution of the asset value, we can utilize (under some technical conditions) the second theorem of EVT, also known as the Pickands-Balkema-de Haan theorem, to describe the distribution of the asset value x below an extreme (low) enough threshold h by a generalized Pareto distribution:
where β is the scale, and ξ is the tail shape parameter. 4 The mean excess tail value of the asset, provided ξ < 1, can be computed as
and we define the tail loss measure Ω h,t at time t conditional on the threshold h as the expected excess tail value of an asset relative to the current value of the asset:
Following Hamidieh (2011), we infer the parameters β and ξ of the tail value distribution of an asset from the observed prices of options on this asset, and hence all the expectations, as well as the tail loss measure itself, are defined under the risk-neutral probability measure. Refer to Appendix A for derivations and description of estimation procedures.
Economically, our tail loss measure is equivalent to the Conditional Value-at-Risk, computed under the risk-neutral probability measure, and in terms of information content, our tail loss measure is somewhat comparable to risk-neutral skewness or other option-implied tail measures quantifying the fatness of the left tail of the asset value distribution. The advantage of tail loss measure over value-at-risk is that it is forwardlooking and inferred from the current prices of traded options without restrictive assumptions about the distribution of an asset. Compared to the other option-implied measures, tail loss measure also has a significant advantage: it is unique, and even though we have sparse strikes of options traded at any given time, we are able to identify the tail loss measure uniquely. In other words, the tail loss measure resolves two problems common to the most option-implied measures: a mathematical one that the inverse problem of estimating the risk-neutral moments is ill-posed, and a economic one that, while in incomplete markets there exist multiple risk-neutral asset distributions and hence theoretically there may be multiple valid estimations of non-traded implied moments, there is only one tail loss measure for a given threshold. We prove in the appendix the following theorem about uniqueness of the tail loss measure.
4 Please see the proofs related to the EVT results and generalized Pareto distribution properties in the original papers of Balkema and Haan (1974) , and Pickand (1975) , or the review material in Section 7 of McNeil, Frey, and Embrechts (2005) .
Theorem 1 Assuming that the risk-neutral distribution of asset value x belongs to the maximum domain of attraction of an extreme value distribution, the tail loss measure
, inferred from the prices of traded options on asset x, with threshold h near the endpoint of x, is unique.
Economic Interpretation and Testable Hypotheses
Because economic agents dislike losses and negative skewness, they require additional risk premium for holding unfavorable assets, e.g., the market index in unfavorable times of high probability of a market decline (as follows from Barberis and Huang (2008) , Brunnermeier and Parker (2005) , and Brunnermeier, Gollier, and Parker (2007) , among others). Hence most of the time we expect a high tail loss measure to correspond to the high equity risk premium, or high market return. However, because tail loss measure also reflects the expectations of the investors about the magnitude of future crashes, when these expectations come true, we expect to document a positive relation between the tail loss measure and the magnitude of (now negative) asset returns. Thus, when no crash occurs, the relation between tail loss measure and the market return resembles the dependence between the level of risk and the insurance premium that we want to receive to hold the risk. When the crash occurs, i.e., the risk is being realized, we are expected to pay out to reimburse the insured side of the transaction, and the payment is typically higher, the higher the premium was received. This observation leads to our first testable set of predictions.
Hypothesis 1 When no market crash occurs, the market tail loss measure Ω M h,t is positively related to the future market return r M t,t+∆t , i.e., it is associated with a high expected market risk premium. In the case that the low-probability crash is realized, the tail loss measure is positively related to the magnitude of the negative realized market return.
Because the tail loss measure quantifies the severity of a crash as seen by investors, we also expect the tail loss measure to be helpful in identifying the probability of a crash, even though an expected crash with a high probability may still remain unrealized.
This particular feature of rare events complicates the estimation of any related expected measure empirically, but based on theoretical grounds we can expect the following:
Hypothesis 2 The dynamics of the market tail loss measure are positively related to the probability of a low-probability market crash in the future.
Being aware of a steadily growing number of option-based measures quantifying the forward-looking expectations of the market distribution, 5 we should be careful not to produce another redundant measure that is especially sensitive to extreme negative returns, i.e., crashes. We will therefore include in all tests the previously derived robust predictors of market returns, such as implied correlation, market variance risk premium, and implied skewness measures. Before we continue, we should fill in a gap in the discussion, namely, the proper definition of a low-probability market crash. In the empirical section we define a low-probability market crash as a negative return larger in magnitude than a predetermined multiple of the expected market volatility (sigma); specifically, we consider 1-and 2-sigma events. To conform with reality we use the common "fear index"
VIX, smoothed over a short historical period as the expected market volatility.
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If we fail to reject the predictions regarding the relation of the tail loss measure and the market return dynamics, we can expect to use the return-and crash-predicting abilities of the TLM in portfolio optimization. We will study these questions in empirical sections, though we do not stipulate any testable hypotheses with respect to this as of now.
In addition to studying the market tail loss measure, we also compute the same quantity for the individual stocks and test how the individual tail loss measures are related to the cross-section of expected stock returns. We study what is the direction and magnitude of the cross-sectional relation between stock returns and tail loss measures.
Motivated by the finding in Kelly (2011) , who derived the backward-looking market tail measure under the true probability and found that stocks with higher tail exposure earn higher returns, we also expect our option-implied tail loss measure to be positively related to stock returns. However, as in the case with the market tail loss measure analysis above, we want to differentiate a situation when there is a high probability of a negative return, and when this negative return is actually realized. Thus, our third set of testable predictions is as follows:
Hypothesis 3 Individual stock tail loss measure is positively related to the cross-section of expected stock returns, when there is no stock-specific low-probability crash realized.
5 To name just a few, Driessen, Maenhout, and Vilkov (2012) study implied correlation; Bollerslev, Tauchen, and Zhou (2009) look at the variance risk premium, and Han (2008) links implied skewness and investor sentiment.
6 It has been shown in several studies that the implied volatility can serve as a good predictor of the future volatility. See Poon and Granger (2003) for a literature review.
In case the stock-specific low-probability crash is realized, the stock tail loss measure is positively related to the magnitude of the negative realized stock return.
We devote Section 4.1 to testing the first two hypotheses, and we proceed in Section 4.2 with a portfolio optimization exercise; then we study the cross-sectional predictions in Section 4.3.
Data Description
In this section, we describe the data on stocks and stock options that we use in our study. Our sample period is from January 1996 to October 2010. Our data on stocks are from the Center for Research in Security Prices (CRSP) and NYSE's Trades-and-Quotes (TAQ) database. To construct some stock-specific characteristics we also use data from Compustat; the data for the index and individual stock options are from OptionMetrics.
Stock and Market Returns and Characteristics
We study stocks that are in the S&P 500 index at any time during our sample period.
The monthly stock returns of the S&P 500 constituents and the index itself are from the monthly CRSP Stock Prices file. We use the S&P 500 prices to construct the overlapping returns for a number of periods (one week; one, two, and three months). We also use high-frequency intraday transaction price data for an exchange traded index proxy (SPY) to compute the market variance; these data are from the NYSE's Trades-and-Quotes database. We apply a number of commonly used filters to the high-frequency data and use the second best variance estimator with the resampling and averaging of Zhang, Mykland, and Ait-Sahalia (2005) , with the resampling frequency of 15 minutes to compute on each day t the realized variance (RV 2 t ) over the last 21 trading days.
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We also compute a number of stock-related characteristics. The market value of equity (SIZE) is defined by the natural logarithm of stock price per share multiplied by shares outstanding; both variables are obtained from the CRSP database. Book-tomarket ratio (BTM) is computed as the book value divided by the market capitalization. At the beginning of July of each year, we compute a book-to-market ratio using the market value of equity at the end of December of the preceding calendar year and the book value for the firm's latest fiscal year ending in the previous calendar year. Book value is calculated as the sum of total common/ordinary equity and the balance-sheet deferred taxes. The twelve-month momentum (MOM) is measured for the end of each month t using monthly return data from CRSP as the cumulative return from month t − 12 to month t − 1, and one-month reversal (REV) is also computed for the end of each month as the past month return.
Option Returns and Option-Implied Characteristics
For stock and index options we use IvyDB (OptionMetrics), which contains data on all U.S.-listed index and equity options.
To compute the option-implied measures we use the standardized volatilities for the maturity of 30 days from the Volatility Surface File, which contains a smoothed impliedvolatility surface for a range of standard maturities and a set of option delta points. We select out-of-the-money implied volatilities for calls and puts (we take calls with deltas smaller or equal to 0.5, and puts with deltas bigger than −0.5) to estimate on each day the model-free implied variance (MFIV), skewness (MFIS), and kurtosis (MFIK), using the method of Bakshi, Kapadia, and Madan (2003) . 8 We use the MFIV for index and individual options, as well as index weights, to compute for each day the forward-looking implied correlation (IC), applying the method of Driessen, Maenhout, and Vilkov (2012) .
We also use the MFIV as a proxy for VIX 2 throughout the paper. Following Bollerslev, Tauchen, and Zhou (2009), we compute the value of the variance risk premium (VRP) of the index proxy, defined as the difference between the VIX 2 and realized index variance RV 2 , computed over the last 21 days from the high-frequency transactions data.
For the tail loss measure we first estimate on each day t the tail shape ξ t and scaling β t parameters of the generalized Pareto distribution under the risk-neutral probability measure by solving the optimization problem for all out-of-the-money puts with strikes weakly smaller than K 0,t :
where P i,t is the observed price of a put option with strike K i,t on day t, and P * i,t is the "theoretical" price of a put option with the corresponding strike and maturity, calculated by the option pricing formula based on the Extreme Value Theory:
The strike K 0,t is the threshold strike, and we assume that for all put options below this strike we can apply equation (2) to compute the put option prices, from the observed option price P * 0 with the threshold strike. We select the threshold strike as current stock price S t adjusted downwards by the two monthly volatilities, where volatility is approximated as the average value of implied volatility (VIX) over the last quarter, i.e.,
) with V IX t = 1 63 62 i=0 V IX t−i . For derivations of the TLM and its estimation routine, refer to Appendix A.
Empirical Investigation
In this section, we provide the empirical tests of the hypotheses stipulated earlier. We start, in Section 4.1, by studying the predictability of time-series market returns and magnitude of crashes in the case of their realization, using as predictors the TLM and a set of other option-implied variables; we also analyze the predictability of the crash probability. In Section 4.2, we perform an out-of-sample portfolio optimization routine, then provide the details of the cross-sectional analysis in Section 4.3.
Market TLM and Time-Series Return Predictability

Time-Series Explanatory Regressions
To test Hypothesis 1 we simply run a time-series explanatory regression of the market return on a number of variables. However, taking into account the nature of the study, namely our assumption about the existence of low-probability events with extremely negative returns without the exactly offsetting events with extremely positive returns, we should a priori reject a linear model, because simple OLS estimators can be heavily influenced by a small fraction of anomalous observations in the data (see Huber (2005) for a review). To be able to squeeze the data into the desired linear model design, we need somehow to identify the outliers to treat them and "normal" data separately. To stay scientific and avoid arbitrary outlier removal or winsorization procedures, we use robust M-estimators, where, in effect, the data are down-weighted depending on their distance from the median absolute value (the estimator with high resistance to outliers), and extreme outliers are given zero weight. We apply the biweight (also called bisquare) data transformation, which combines the properties of resistance with relatively high efficiency in many applications (see Mosteller and Tukey (1977) for a general discussion and details). Thus, we consider the linear explanatory model
where y t+∆ is the market holding period return from day t to t + ∆t, x t is the set of regressors observed at time t, and β are the respective estimated coefficients. As predictors we use all option-based variables that have been shown elsewhere to predict market returns.
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We first study how the TLM is related to the future market returns in the states, in which no "crash" occurs, and, following our discussion above, we expect to receive a premium for holding the market risk. The results of the estimation are provided in Table 1 , and the sign of the TLM coefficient is positive across all models, as expected, though it is significant only for a very short horizon return of one week. Thus, the higher the market losses anticipated by investors are (and adjusted for the willingness to bear the risks), the higher the market return is in the next period, but only for the periods without crash realizations. We also compute in Table 2 the marginal effect of the onevolatility change in each variable, keeping all other variables constant, on the respective expected return. The volatility of the market TLM in our sample equals to 1.88%, and hence, a marginal change in expected short-term market return from the change in TLM by one volatility value will be 0.29% per week, which is 15% per year. Using TLM as the only predictor gives us the R of 1.34% for weekly and 3.01% for quarterly returns, while including the other option-based variables boosts it to about 2.5%, and to 17%, respectively. It is important, however, that the TLM does not add any explanatory power to the model for the long-term returns, and adding the TLM to the other option-based variables even decreases the R slightly.
The other option-based variables perform very well in explaining the market returns in a no-crash state. The most robust measure seems to be the implied correlation (IC), which demonstrates a positive and significant coefficient for all three return horizons; moreover, the coefficient scales almost linearly with the holding period. The one-volatility change in IC adds 0.27% per week to the expected short-term market return, and it also adds 3.09% per quarter to the expected quarterly return. Variance risk premium (VRP) does not work well for a short period of one week, though it also demonstrates a positive and significant sign for longer holding periods of one and three months. The significance of VRP increases with the time period, and it is consistent with the observation of Bollerslev, significantly related to future market returns. Implied Volatility Index (VIX), however, typically named a "fear index" of the market, is negatively related to expected returns in the future. While it is consistent with the leverage effect (e.g., Christie (1982) , among others), it might seem to be contradicting the economic theory. Fear should be associated with demanding a higher risk premium for holding the market, and not vice versa.
To study what happens in case of a crash realization, we include in the model the interaction "crash" dummies for the TLM and the low-probability negative market return. The dummy is equal to 1 when the market has a decline in the following holding period larger than one (D1 const for constant and D1 slope for the slope) or two (D2 const and D2 slope , respectively) sigmas, where sigma is defined as the average value of VIX over the last quarter rescaled to match the duration of the holding period (one week, one month, or three months). When we include either set of "crash" dummies into the regression (3),
we get a significantly negative adjustment to the constant, indicating that some of the realized negative returns are left unexplained by our current right-hand-side variables.
More importantly, the TLM slope gets adjusted with a highly significant negative coefficient for the regressions with 1-week and 1-month returns (and for D1 slope for 3-month returns). The adjustment is several times higher than the original TLM coefficient, and with one-volatility difference in the TLM, keeping all other variables constant, it amounts to −1.35% per week for one-sigma decline, and −1.84% per week for two-sigma decline.
For a monthly return regressions the one-and two-sigma slope dummies are equivalent to the decline in future market return by 2.40% and 3.70% per month, respectively, for a one-volatility increase in TLM.
Thus, we fail to reject the composite Hypothesis 1, and indeed a higher TLM indicates a higher required return on the market (especially so for short-term holding periods), when no low-probability crash occurs; however, when the crash occurs, a higher TLM is related to larger losses for the market index. The implied correlation (for all selected holding periods) and variance risk premium (for longer horizons) prove to be very important and significant, both economically and statistically, in explaining future market returns. Still, a part of the extreme negative returns remains unexplained by the selected variables.
Probit Regressions
Our main objective here is to understand, whether it is possible to link the probability of a market crash under the objective (or true) probability measure and the observed tail loss measure, which is computed under the risk-neutral probability, and whether the relationship is positive. To study Hypothesis 2, we use the binary probit model estimated over the whole sample period.
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The categorical variable y t on the left-hand side of our model is defined in terms of future market movements beyond a certain negative threshold. We consider a case with two possible values of y t depending on the expected market volatility V IX t = 1 63 62 i=0 V IX t−i and a realized market return r t,t+∆t in the next holding period window. More precisely, we define the categorical variable at time t as follows:
is the expected market volatility rescaled to the holding period.
As explanatory variables we use the same option-based variables as for the time-series regressions in the previous section, with the only exception being the crash dummies. For the TLM we separately use the level and the weekly changes combined with the other variables in levels. In Table 3 Panel A you will find the coefficient estimates, and in Panel B-the marginal effect estimates expressed as a change in the probability of a 2-sigma market crash within the next holding period arising from increasing a given variable by one unconditional volatility and keeping all other variables at their unconditional mean values.
Analyzing the sign and statistical significance of variables in explaining the probability of a market crash, we should confess that it is indeed not easy to predict sudden market declines. The tail loss measure has an expected positive sign, i.e., increasing TLM indicates a higher probability of crash, but it is not quite significant. The weekly change TLM also demonstrates a positive sign, which is significant at the 5% level for 1-week holding period, and at 10% for the 1-month holding period. Being statistically significant, the ∆TLM is not really significant economically: its one-volatility increase boosts the probability of a 2-sigma crash only by less than 0.5% across all holding periods. The other variables are also not extremely helpful in predicting the low-probability crashes.
VIX has a positive coefficient for 1-week horizon, and it turns negative and insignificant for longer horizons. Both MFIS and MFIK have negative coefficients, which become significant for longer holding periods. The negative sign is well understood for skewness, because less negative skewness is associated with lower probability of a crash, but that a higher kurtosis is associated with a lower probability of a crash comes as a surprise. The same negative (and surprising) signs have IC and VRP, though for both the effects are not significant. An explanation may be that MFIK, IC, and VRP increase only after the crash has occurred as an overreaction of investors.
12 By any rate, significant or not, the marginal influence of each variable on the probability of a crash is tiny, and, while we fail to reject Hypothesis 2, we doubt that option-based variables will turn to be very useful in pre-seeing the crashes in portfolio optimization and taking the respective preemptive actions.
Using TLM in Portfolio Optimization
We should understand that the return (and probability of crash) predictability exercises that we performed in the previous section 4.1 are in-sample ones, and hence the results of the estimation cannot be used by an investor in portfolio optimization or applications alike. To see how much information useful for predicting future market performance is contained in various option-implied variables ex ante, we carry out a portfolio optimization exercise.
We start by using two assets in a portfolio: a risk-free one, and the market. We specify the portfolio weight (investment into the market index) as a function of selected variables, which can be interpreted as instruments used to form managed portfolios described in Cochrane (2005) . In particular, we use weight w t of the following form:
where x j,t is the value of the instrument j, and θ j,t is the loading on the respective managed portfolio at time t. 13 The net return of the portfolio in the period from t to t + ∆t is equal to r p t,t+∆t = r f t,t+∆t + w t × r em t,t+∆t , where r f t,t+∆t is the net riskfree rate, and r em t,t+∆t is the market return in excess of the riskfree rate. At each point in time t we optimally select the vector of loadings θ t on the managed portfolios by maximizing average utility of final wealth from investing a unit of consumption on each day during the estimation window of length T :
For the empirical implementation we use the constant relative risk aversion (CRRA) utility function with the relative risk aversion γ = 5, and the estimation window T = 251 trading days, or one calendar year. Moreover, we restrict the maker weights to be between −0.5 and 1.5, thus limiting borrowing and shortsales at reasonable levels. After we find the optimal portfolio weight for each day, we calculate the out-of-sample portfolio return and a number of performance metrics, in particular, we compute mean return, volatility, certainty equivalent for a respective utility used for optimization problem (6), and portfolio turnover.
Empirically, we consider several combinations of option-based variables; however, instead of creating a large number of the managed portfolios, we always create only one, either from a single instrument (=single variable) or from the synthetic instrument, which we extract from several variables as their first principal component for each estimation window. The reason for such a procedure is twofold: (i) the first principal component is very informative, and it typically explains more than 85% (and often more) of the total variance for all the combinations of the variables we used, and (ii) having more than one managed portfolio constructed from our variables considerably decreases the stability of the optimal weights and deteriorates the out-of-sample portfolio performance.
To test whether tail loss measure and other variables have incremental information about the future market distribution beyond the history of the market returns, we specify a "non-informative" instrument (NI) equal to 1 at any point in time, and we compare the out-of-sample performance of each portfolio to that of the NI portfolio. Because we evaluate the portfolio performance for overlapping holding periods, to calculate the pvalues we use the bootstrapping methodology described in Efron and Tibshirani (1993) , with additional adjustment, as in Politis and Romano (1994) , to account for the autocorrelation in overlapping returns. The results of the estimation are provided in Table 4 . In Panel A we show the return statistics,-mean, standard deviation (std), and the certainty equivalent return (ce) for the CRRA investor with γ = 5, and in Panel B we provide the statistics for the portfolio market weights (mean and standard deviation), and loadings on the managed portfolios (mean).
The out-of-sample performance estimates indicate that a non-informative managed portfolio performs relatively well, bringing 9.38% and 9.98% annualized return for monthly and quarterly rebalancing, respectively. Note that the average monthly risk-free rate and market return for the sample period are 3.67% and 5.70% p.a. Moreover, the certainty equivalent return of the market investment with monthly rebalancing turns out negative −2.51% p.a. Three of the five managed portfolios outperform the non-informative optimal portfolio: TLM, IC, and composite one (TLM, VIX, IC, VRP); however, for only two of them the outperformance is statistically significant (IC for quarterly rebalancing, and borderline significant for monthly rebalancing, and composite for quarterly rebalancing).
By point estimates, the TLM earns 60 basis points per annum more than the NI, though after taking into account the risks by comparing the certainty equivalent, the difference decreases to 28 b.p. The IC-based managed portfolio earns almost 1% p.a. more than the NI portfolio, with the risk-adjusted return (ce) difference of 79 b.p., for quarterly rebalancing. The composite portfolio performs slightly worse than the IC-based one.
Looking at the characteristics of market weights in Panel B, we observe that on average investors are long the market, with the weights from minimum 0.48 to maximum 0.75 across all portfolios and holding periods. The NI portfolio has the lowest market weight, and VIX portfolio has the highest one. The weights are very volatile during the sample period, and their behavior can be well seen in Figure 1 , where we depict the time series of weights for two portfolios (NI and composite ones) with the quarterly holding period, and the level of S&P 500 index for the same time interval. The weights for both portfolios mostly stay in the boundary states, and hence neither strategy requires a lot of day-to-day rebalancing. Visually, the NI portfolio weights are slightly more stable, and they diminish faster and by more in the case of a deteriorating market index performance;
NI weights also have a tendency to stay low slightly longer than those of the portfolio based on option-implied variables.
By analyzing the sign and significance of the loading on the managed portfolios, we can also draw inferences about the average relation between the option-implied instrumental variables and the return characteristics beneficial to the optimizing investor. conditional values of the equity premium; in other words, using these variables, we can reap higher premiums by going long the market risk, but we still have no overwhelming indication of future crash that would allow us to reduce the exposure before the crash occurs.
Thus, the results of the out-of-sample portfolio analysis suggest that by using information option-implied characteristics, we can improve the portfolio performance, and the improvement is significant in economic terms (up to 1% p.a. of extra return). However, it is still not clear how much the implied measures can be useful in identifying the future crashes with high enough precision to be taken into account for investment decisions.
The Individual TLM and Cross-Section of Returns
To see how the stock-specific tail loss measure is related to the cross-section of stock returns, we perform two standard exercises. First, we compute the performance of the monthly rebalanced long-short portfolios, and, second, we estimate the two-stage Fama and MacBeth (1973) regressions.
At the end of each month, we sort the stocks into terciles, quintiles, or deciles based on individual stock TLMs, and create a long-short portfolio by taking a long (short) position in stocks within the top (bottom) quantile. We hold this long-short portfolio until the end of the subsequent month, and then proceed with next rebalancing. We apply three weighting rules for the long and short portfolios, namely, value-weighting (VW), equal-weighting (EW), and prior gross-return weighting (RW). 15 The return analysis of the long-short portfolio is provided in Table 5 . We observe that there is a clear positive relation between the TLM and future stock returns, which is also statistically significant for EW and RW portfolios, and which is stronger for portfolios with more extreme values of TLM.
The VW portfolios demonstrate positive, but insignificant, returns and alphas, which may be due to the fact that some other size-related characteristics affect the returns. To see how the TLM characteristic interacts with the other option-implied and traditional stock characteristics, we refer to the Fama-MacBeth regression results in Table 6 . 16 Following our intuition from the time-series regressions, we expect a positive relation between the TLM and expected stock returns, when there is no realization of the stock-specific low-probability crash. When the crash occurs, however, we expect the magnitude of the crash to be positively related to the TLM. To test these relations, we include two sets of "crash" dummies in the first-stage cross-sectional regressions. The dummy is equal to 1 for a given stock when this stock return has a decline in the subsequent month larger than one (D1 const for constant and D1 slope for the slope) or two (D2 const and D2 slope , respectively) sigmas, where sigma is the expected volatility given by the average value of stock-specific model-free implied volatility over the last quarter. If no stock experiences a crash in the following month, we set the dummy values to missing. We proceed with the second stage as usual, by computing average values for each coefficient and testing their significance.
The results confirm that without additional explanatory variables the TLM is on average positively related to expected returns (with a p-value of 0.06). For the 1-sigma crash, a higher stock-specific TLM is associated with a larger magnitude of a crash, and otherwise the TLM is positively related to future returns (both relations are very significant). As we have seen in the time-series tests, a large part of the negative "crash" return is still unexplained by the selected variables. When we separately treat only the 2-sigma events, we still get a significant positive relation between the TLM and the magnitude of the crash, but the TLM itself is no more (significantly) related to the expected returns. We explain this by observing that average individual volatility is about two times higher than the index volatility, and hence a 1-sigma event for individual stocks is equivalent to quite a large negative return. Not treating this kind of event separately distorts the estimation of the average relation, especially taking into account that negative idiosyncratic jumps in individual stocks' sample happen more often than in one time-series of the market index.
Thus, we fail to reject composite Hypothesis 3, and the individual stock tail loss measure is positively related to the cross-section of expected stock returns, when there is no stock-specific low-probability crash realized. In the case that the stock-specific low-probability crash is realized, the stock tail loss measure is positively related to the magnitude of the negative realized stock return.
Conclusion
Using results of the Extreme Value Theory we estimate from the observed option prices a forward-looking tail loss measure (TLM). It quantifies the expectations of the investors (adjusted for the investors' tolerance for bearing risk) of the magnitude of low-probability crashes in the near future. In addition to the TLM, we consider the most popular optionimplied predictors of the future moments of asset returns-model-free implied variance, skewness, and kurtosis (MFIV, MFIS, and MFIK), implied correlation (IC), and variance risk premium (VRP).
We test whether the TLM and the other option-implied, and hence forward-looking, measures, are able to explain the magnitude and probability of future market and stockspecific crashes, as well as the future asset returns, when no crash occurs. We find that TLM is on average positively related to the future market returns, especially in the short run, moreover, when a crash occurs, the TLM is positively related to the magnitude of the realized negative return. An increasing TLM is associated with increasing probability of a crash in the near future. In effect, high expectations of the tail loss make investors demand a higher premium for taking market risk. The other variables that unambiguously and significantly explain future market returns are the VRP (positive and significant for longer periods), and the IC (positive and significant for all periods).
We also perform an out-of-sample portfolio optimization exercise. We show that using the IC as an instrumental variable to construct a managed portfolio leads to significantly better results than not using any information beyond the past market performance. TLM also provides an investor with incremental useful information, though the performance is not significantly better than in the non-informative optimization. Using all implied variables together works well, though all variables can barely catch up with the IC-based portfolio.
Cross-sectional sorting and Fama-MacBeth procedures show that stock-specific TLM is positively related to the stock returns in the cross-section, and, when a stock-specific crash occurs, the magnitude of the negative stock return is greater, the higher the stockspecific TLM is.
Appendices
A Estimation of the Generalized Pareto Distribution Parameters from Option Prices
Theorem 1 Assuming that the risk-neutral distribution of asset value x belongs to the maximum domain of attraction of an extreme value distribution H ξ , the tail loss measure
, inferred from the prices of traded options on asset x, with h near the (left) endpoint of x, is unique. we can find for each distinct risk-neutral distribution a generalized Pareto distribution (GPD) G ξ,β describing the excess value distribution, with the same tail shape parameter ξ as of the extreme value distribution H ξ . The scaling parameter β depends on the threshold only. Hence, for the threshold h, extreme enough to qualify as threshold for all risk-neutral distributions, and, given the same tail shape parameter ξ, there will be a unique GPD for the excess value under all existing risk-neutral distributions. Thus, even though the option prices are discrete, we only need two put option prices for a given maturity, with strikes below the threshold to identify the parameters of the respective unique GPD and then compute the tail loss measure, unique for a given threshold.
We estimate the parameters of the generalized Pareto distribution from option prices using the procedure similar to the one described in Hamidieh (2011) . We use the following two facts from the Extreme Value Theory (EVT) for the derivations:
1. For most continuous distributions of a random variable x, we can describe the excess value over (or under) a high (low) threshold u conditional on being above (below) the threshold by a generalized Pareto distribution G β,ξ , and hence the conditional expectation of the excess value can be estimated as
, if we are talking about the left tail), where β and ξ are the scale and tail shape parameters of the distribution.
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2. Assuming that we can describe the conditional excess value of a random variable x over an extreme threshold u by the GPD with parameters β and ξ, one can show that the conditional excess value of x over any more extreme threshold v can also be described by the GPD with the respective scale β + ξ × |v − u| and tail shape ξ parameters.
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Observe that the price P t (K) of an out-of-the-money put option with strike K can be computed as the discounted risk-neutral expectation of the future payoff, i.e.,
Using the rules of conditional probabilities, we can rewrite
Assuming that the risk-neutral distribution Q belongs to the MDA of the GEV, and that K is far enough to qualify as a "extreme enough threshold," we use fact #1 from above and rewrite equation (A1) in terms of the parameters of the GPD under the probability measure Q:
Now consider the put option with a strike K 1 ≤ K, and use fact #2 to infer the distribution and the expectation of the payoff of the option on maturity, given that it expires in-the-money. The distribution of the excess conditional payoff of the option will be described by the GPD with parameters β + ξ × (K − K 1 ) and ξ, and hence
17 It follows from the Pickands Balkema De Haan theorem (a.k.a. the second theorem of EVT), which states that the distributions for which normalized maxima converge to a Generalized Extreme Value (GEV) distribution, and which belong to the Maximum Domain of Attraction (MDA) of GEV distribution, constitute a set of distributions for which the excess distribution converges to the GPD as the threshold is raised. It is known (i.e., Resnick (1987) ) that a vast majority of known continuous distribution commonly used in the statistics and finance belongs to the Maximum Domain of Attraction of GEV distribution, i.e., the theorem "proves to be a widely applicable result that essentially says that the GPD is the canonical distribution for modeling excess losses over high thresholds." (McNeil, Frey, and Embrechts (2005, p. 278) ).
18 The second fact is proven as a Lemma 7.22 on page 279 in McNeil, Frey, and Embrechts (2005) .
Note that the expectation of the indicator function E Q [1 K>S T ] in the equations above is just the risk-neutral probability of the event K > S T , i.e., P Q (K > S T ). One can show (e.g., McNeil, Frey, and Embrechts (2005, p. 283) ) that by making the above assumption about the Q-distribution being in the MDA of the GEV, we can express the probability of a more extreme event K 1 > S T as a probability of a less extreme event K > S T and the parameters of the GPD as follows:
Putting equations (A2), (A3), and (A4) together, we can rewrite the price of a farther out-of-the money (OTM) put as a function of a less OTM one:
We can use equation (A5) to derive the theoretical prices of far out-of-the-money put options using the price of a put option with a "boundary" strike price K, which is low enough to qualify as suitable threshold.
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The procedure for estimating the tail loss measure has three steps. First, we use the pricing equation (A5) to price far out-of-the-money puts relative to a "boundary" put with the strike K assumed to be a suitable threshold for EVT to work. Second, we compare the theoretical prices to the observed market prices of the respective put options, and infer the parameters β(K) and ξ of the generalized Pareto distribution by minimizing the pricing errors. Third, using the estimated parameters of GPD, we compute the tail loss measure (TLM) conditional on a given threshold. It is given by a risk-neutral expectation of the excess value of the random variable, which is the market loss beyond the given threshold K conditional on market falling lower than level K on the maturity date of the options: In this table, we report the results of time-series explanatory regression of the market return on a number of option-based predictors: tail-loss measure (TLM), traded Implied Volatility Index (VIX), model-free implied skewness (MFIS), model-free implied kurtosis (MFIK), implied correlation (IC), and variance risk premium (VRP). We also include the interaction dummies for the TLM and the low-probability crash. The dummy is equal to 1 when the market has a decline in the following holding period larger than one (D1 const for constant and D1 slope for the slope) or two (D2 const and D2
slope , respectively) sigmas, where sigma is defined as the average value of VIX over the last quarter rescaled to match the duration of the holding period (one week, one month, or three months). We estimate the model with overlapping observations using robust bisquare data transformation with the default tuning constant of 4.685, which makes our estimates robust to outliers (see Mosteller and Tukey (1977) for details) and provides 95% efficiency. The two-sided p-values in the parentheses are based on the Newey and West (1987) autocorrelation-adjusted standard errors with the lag equal to the number of overlapping periods.
1-week return 1-month return 3-month return
(8)
(10) In this table, we report the marginal effects of a one-standard deviation increase in an explanatory variable (keeping all other variables constant) on the expected market return, for three holding periods (a week, a month, or a quarter). The results are based on the unconditional volatility of the explanatory variables and the coefficients from a fitted time-series explanatory regression of the market return on a number of option-based predictors: tail-loss measure (TLM), traded Implied Volatility Index (VIX), model-free implied skewness (MFIS), model-free implied kurtosis (MFIK), implied correlation (IC), and variance risk premium (VRP). We also include the interaction dummies for the TLM and the low-probability crash. The dummy is equal to 1 when the market has a decline in the following holding period larger than one (D1 const for constant and D1 slope for the slope) or two (D2 const and D2 slope , respectively) sigmas, where sigma is defined as the average value of VIX over the last quarter rescaled to match the duration of the holding period (one week, one month, or three months). We estimate the model with overlapping observations using robust bisquare data transformation with the default tuning constant of 4.685, which makes our estimates robust to outliers (see Mosteller and Tukey (1977) for details) and provides 95% efficiency.
(10) In this table, we report the estimation of the binary probit regression, where the left-hand-side variable takes the value of 1 in the case of a low-probability market crash during the holding period (which is a week, or a month, or a quarter). Low-probability market crash is defined as a index decline in the following holding period larger than two sigmas, where sigma is defined as the average value of VIX over the last quarter rescaled to match the duration of the holding period. The right-hand side is represented by a number of option-based predictors: tail-loss measure (TLM), weekly change in the tail-loss measure (∆TLM), traded Implied Volatility Index (VIX), model-free implied skewness (MFIS), model-free implied kurtosis (MFIK), implied correlation (IC), and variance risk premium (VRP). Panel A provides the estimates of the coefficients, with t-statistics presented in the parenthesis, and McFadden R 2 in the last row. Panel B presents the marginal changes in probability (in %) of the 2-sigma market crash for a one-volatility increase in a given variable, keeping all other variables constant at their unconditional mean values. In this table, we report the statistics for the portfolios created by rolling-window optimization of the past average utility of a CRRA investor with relative risk aversion γ = 5. The portfolio consists of a risk-free asset and a managed portfolio, which is equal to the product of the instrumental variable and the market return. The investor chooses the optimal loading on the managed portfolio each day and holds this portfolio for a specified holding period (a week, or a month, or a quarter). As instrumental variables we use a "non-informative" variable (NI) equal to a vector of constants, and the variables that significantly predict future market returns in-sample: tail-loss measure (TLM), Implied Volatility Index (VIX), implied correlation (IC), and variance risk premium (VRP). The portfolio performance in Panel A is calculated from the overlapping holding period returns and annualized accordingly. The p-values are based on the empirical bootstrap distribution of a given performance metric. We resample the portfolio returns blockwise to preserve the autorrelation in the overlapping returns. The market weight (w) and managed portfolio loading (θ) statistics in Panel B are calculated from the sample weights and loadings, respectively, and the p-values are based on the Newey and West (1987) autocorrelation-adjusted standard errors with the lag equal to the number periods (250) in estimation. Fama and MacBeth (1973) regressions of the next month stock returns on stock-specific tail-loss measure (TLM) and other stock characteristics: bookto-market ratio (BTM), size (SIZE), momentum (MOM), short-term reversal (REV), model-free implied volatility (MFIVol), model-free implied skewness (MFIS), and model-free implied kurtosis (MFIK). To reduce estimation errors, we use the average of the last five observations in each month as the monthly measures. To treat the returns of the stocks experiencing a low-probability crash distinctly, we include crash dummies (slope and interaction) in the regressions. The dummy is equal to 1 for a given stock when this stock return has a decline in the subsequent month larger than one (D1 const for constant and D1 slope for the slope) or two (D2 const and D2 slope , respectively) sigmas, where sigma is defined as the average value of stock-specific MFIVol over the last quarter. We report the p-values for the significance in parentheses.
(1) (2) (3) (4) The figure shows the dynamics of the market prices (S&P 500) and of the portfolio market index weights for two particular instrumental variables-a non-informative constant variable, and a combination of four option-implied variables (TLM, VIX, IC, and VRP) in a form of their first principal component. In portfolio optimization we restrict the market weight to be in the range from −0.5 to 1.5, so that short selling and borrowing are restricted.
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